An equitable total coloring of graph is an assignment of colors to all the elements (vertices, edges) of graph such that adjacent or incident elements receive the different color and for any two color classes different by at most one. In this paper, we obtain the exact expressions for the equitable total coloring of direct product of path and cycle.
INTRODUCTION
All graphs considered finite, simple and undirected. Let = ( ( ), ( )) be a graph with the vertex set ( ) and the edge set ( ) respectively. A total coloring of graph is a coloring of the vertices and the edges of such that any two adjacent or incident elements (vertices, edges) have different color. The total chromatic number of a graph denoted by ″( ), is the minimum number of colors that required in a total coloring. Total Coloring Conjecture formulated by Behzad 1 and Vizing 9 , says that ∆( ) + 1 ≤ ″( ) ≤ ∆( ) + 2 for a simple graph . A total coloring of graph is said to be equitable if the number of elements (vertices, edges) are colored with each color differ by at most one. The minimum number of colors that required for an equitable total coloring of graph is called the equitable total chromatic number of and is denoted by ″ ( ). In 1973, Meyer 6 introduced the concepts of an equitable coloring and the equitable chromatic number. An equitable total coloring of is a mapping ƒ: ( ) ∪ ( ) → , where is a set of colors satisfying the following conditions. 1.
( ) ≠ ( ) for any two adjacent vertices , ∈ ( ), 2.
( ) ≠ ( ′) for any two adjacent edges , ′ ∈ ( ), 3.
( ) ≠ ( ) for any vertex ∈ ( ) and any edge ∈ ( ) incident to and 4. | | | − | | | ≤ 1; , = 1, 2, … , . = ∪ ; 1 ≤ ≤ . In 1994, Fu 5 investigated the concept of an equitable total coloring and the equitable total chromatic number. He raised the conjecture that for any simple graph G, then ″ ( ) ≤ ∆( ) + 2. Graph products were first defined by Sabidussi 8 and Vizing
10
. A lot of work was done on various topics related to graph product, but on the other hand there are many open questions. Pranaver and Zmazek 7 proved that total chromatic number of ( × ) and ( × ) are 5. Geetha and Somasundaram 3 proved the TCC for direct product of some graphs. In this paper, we found the expressions for the equitable total chromatic number of direct product of path and cycle.
RESULTS AND DISCUSSION

Definition 2.1:
4 The direct product of and is a graph, denoted as × , whose vertex set is ( ) × ( ) and for which vertices ( , ℎ) and ( ′ , ℎ ′ ) are adjacent precisely if ′ ∈ ( ) and ℎℎ ′ ∈ ( ). In other words, ( × ) = {( , ℎ)| ∈ ( ) ℎ ∈ ( )} and Finally, we color the remaining uncolored edges between ( 1 , 2 ) ( −1 , ) using the missing colors which satisfies the condition of equitably total colorable. Hence, ″ ( × ) = ∆ ( × ) + 1.
Case (2) :
, ≥ Here, ∆ ( × ) + 2 is the equitable total chromatic number of ( × ). In this graph of direct product having ( 1 , 2 , … , ) rows and ( 1 , 2 , … , ) columns. We divide ∆ ( × ) + 2 into three equal color classes, say 1 , 2 3 respectively. Subcase (2.1) : If ≡ ( ) Color all the edges between 1 2 using 1 color and the edges between 2 3 using 2 color and the edges between 3 4 using 3 color. Then we color the remaining edges between (( 4 , 5 ), ( 5 , 6 ), … , ( −1 , )) of ( × ) using the colors of 1 , 2 3 cyclically. Now at each vertex in a row, we have exactly one missing color classes. Using the missing color class, we give color to all the vertices in 2 , 3 , … , −1 . Finally, we color the remaining vertices of 1 using 2 3 colors and vertices of using 1 3 colors according to satisfying the equitably total colorable conditions. 6 ), … , ( −2 , −1 )) of ( × ) using the colors of 1 , 2 3 cyclically. Now at each vertex in a row, we have exactly one missing color classes. Using the missing color class, we give color to all the vertices of 2 , 3 , … , −2 . Then to color all the vertices of −1 assign the colors of −2 and assign 2 color to all the edges between ( −1 , ). Finally, we color the remaining vertices of 1 using 2 3 colors and vertices of using 1 3 colors according to satisfying the equitably total colorable conditions. Therefore, The equitable total chromatic number of ( × ) is ∆ ( × ) + 2. 
Subcase (2.2) : If
Case (2):
Here, ∆ ( × ) + 2 is the equitable total chromatic number of ( × ). In this graph of direct product having ( 1 , 2 , … , ) rows and ( 1 , 2 , … , ) columns. We divide ∆ ( × ) + 2 into three equal color classes, say 1 , 2 3 respectively. Subcase (2.1) : If = ≥ Color all the vertices of 1 , 3 , 5 … , −1 using one of the color of 1 and assign remaining color of 1 to all the vertices of 2 , 4 , 6 … , . Now, color all the edges between 1 2 using 2 color and the edges between 2 3 using 3 color. Then we color all the edges between (( 3 , 4 ), ( 4 , 5 ), … , ( , 1 )) using 2 3 cyclically which satisfies the condition of equitably total colorable.
Subcase (2.2) : If =
≥ Color all the edges between 1 2 using 1 color and the edges between 2 3 using 2 color and the edges between 3 4 using 3 color. Then we color the remaining edges between (( 4 , 5 ), ( 5 , 6 ), … , ( , 1 )) of ( × ) using the colors of 1 , 2 3 cyclically. Now, we color all the vertices of 1 , 2 , … , using the colors of 2 , 3 1 cyclically which satisfies the condition of equitably total colorable. Therefore, The equitable total chromatic number of ( × ) is ∆ ( × ) + 2. −1 ) ). Finally, we color the uncolored edges between ( 1 , 2 ) ( −1 , ) using the remaining colors which satisfies the condition of equitably total colorable. Hence, ″ ( × ) = ∆ ( × ) + 1.
Case (2)∶
, ≥ Here, ∆ ( × ) + 2 is the equitable total chromatic number of ( × ). In this graph of direct product having ( 1 , 2 , … , ) rows and ( 1 , 2 , … , ) columns. We divide ∆ ( × ) + 2 into three equal color classes, say 1 , 2 3 respectively. Subcase (2.1): If ≡ ( ) = Color all the vertices of 2 using one of the color of 3 and assign remaining color of 3 to all the vertices of −1 . Then color all the vertices of 3 , 4 , … , −2 using the colors of 1 , 2 3 cyclically. Now, color all the edges between 1 2 using 1 color and the edges between 2 3 using 2 color and the edges between 3 4 using 3 color. Then the remaining edges between (( 4 , 5 ), ( 5 , 6 ), … , ( −1 , )) of ( × ) using the colors of 1 , 2 3 cyclically. Finally, color the remaining vertices in 1 and using ∆ ( × ) + 1 colors according to satisfying the equitably total colorable condition.
Subcase (2.2): If ≡ (
) > Color all the edges between 1 2 using 1 color and the edges between 2 3 using 2 color and the edges between 3 4 using 3 color. Then we color all the remaining edges between (( 4 , 5 ), ( 5 , 6 ), … , ( −1 , )) of ( × ) using the colors of 1 , 2 3 cyclically. Now at each vertex in a row, we have exactly one missing color classes. Using the missing color class, we give color to all the vertices in 2 , 3 , … , −1 . Finally, we color the remaining uncolored vertices of 1 using 2 3 colors and vertices of using suitably. Now, we color the edges between ( n−2 , −1 ) using 1 and 3 colors and the edges between ( n−1 , ) using 1 and 2 colors. Finally, we color the remaining vertices of 1 using 2 3 colors and vertices of using 1 3 colors according to satisfying the equitably total colorable condition. Therefore, The equitable total chromatic number of ( × ) is ∆ ( × ) + 2.
CONCLUSION
In this paper, we have obtained the tight bound an equitable total chromatic number of the direct product of path by path and path by cycle. Further, the extension of this result for strong product of path, cycle and complete graph.
